
Homework 
 

1. The complete graph on n vertices has, not surprisingly, n vertices and one edge between each 
pair of vertices. In terms of n, how many edges does this graph have? When n=3 the graph is a triangle. 
When n=4 the graph is a rectangle with two diagonals, but it can be drawn slightly differently and is 
planar- draw it that way. Prove that when n=5 the complete graph on n vertices is NOT planar. 
(Suggestion: Remember that V-E+F =2 for a planar graph. Can a face have one or two edges? If e is 
any edge in this graph, how many faces would have e as part of its boundary?) You do not have to 
prove   this in excruciating detail, but you must make clear what the major points of the argument are. 
 

2. In this problem there are three different functions- f, g, h - defined recursively. In each case you 
must figure out an explicit (non-recursive) formula for the function and you must also PROVE 
that your answer is correct. 

(i) f(m,n) is defined for m and n non-negative integers. f(m,0) 
=m and f(m,n+1) = f(m+1,n) for n⩾0. 

(ii) g(m,n) is defined for m and n non-negative integers. 
g(m,0)=1 and g(m,n+1) = m g(m+1,n) for n⩾0. 

(iii) h(m,n) is defined for m a positive integer and n a non-negative integer. 
h(m,0)= 1 and h(m,n+1) = m h(m,n) for n⩾0. 

Why did we require m to be positive in this definition, as opposed to non-negative? 
 

3. We want to send messages consisting of three integers in sequence, allowing for the possibility 
of an error in the transmission or translation of the message. To do this we find a polynomial of degree 
at most 2, say f(x), such that f(1), f(2) and f(3) are the three integers, and then transmit f(1), f(2), f(3), 
f(4), f(5). This should enable us to detect and correct a single error. Supposed the message as trans- 
lated is 1, 5, 10, 19, 29. Find and correct the error. (You must show your work- just writing down the 
correct message will not suffice.) 
 
4. Let p= 20918676773410251919, q= 32359466852021782397, 
m= 676917227637327020892042990139169669843, and e= 1958615969877382868161. Using Mathe- 
matica, or otherwise, verify that p and q are primes, that m=p q, and that GCD(e,ϕ(m))=1. We use m 
and e to encode a message x as y = xe mod m. Suppose the message y is 
78236748219498940243669713960236869063. Figure out the original message x. (This is just the 
RCA method we talked about in class.) You must explain clearly what you are doing. 
 
5. (i) Suppose f(x) is a polynomial of degree k. Let g(x) = f(x+1) - f(x). Prove that g is a 
polyno- mial of degree k-1. (For instance, if f(x) = x2 then g(x)= (x + 1)2 - x2= 2x +1.) 

(ii) Suppose k is a positive integer. We would like to find a formula for 1k+2k+ ... + nk. For 
instance, when k=1 we have (1+2+...+n) =        n(n+1)     ,a polynomial in n of degree 2. Prove that in general 
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there is a polynomial in n of degree k+1, say g(n). so that 
1k+2k+ ... + nk = g(n) 

for all positive integers n. (You do not have to find an explicit formula for g, but you have to show such a 
formula exists. One way of doing this would be by induction on k. The first part of this problem might be  
a hint.) 

 
 


