
Introduction: This activity gives the student a broad picture of the connections between the regular 

polygons and the unit circle to better understand principles behind the Method of Exhaustion. 

Objectives: 

1. To gain insight into the method of exhaustion used by the Greeks.

2. To make connections between the regular polygons and the unit circle.

3. To better appreciate the notion of a limit and the underpinnings of calculus.

http://mathworld.wolfram.com/Pi.html
http://en.wikipedia.org/wiki/Pi


Following are some interesting facts: 

http://en.wikipedia.org/wiki/Pi 

Lower-case π denotes the constant. This mosaic is outside the mathematics building at the Technische 

Universität Berlin 

The Latin name of the Greek letter π is pi.
[9]

 When referring to the constant, the symbol π is

pronounced like the English word "pie", the conventional English pronunciation of the Greek letter.
[10]

The constant is named "π" because "π" is the first letter of the Greek word περιφέρεια "periphery"
[11]

(or perhaps περίμετρος "perimeter", referring to the ratio of the perimeter to the diameter, which is 

constant for all circles
[1]

). William Jones was the first to use the Greek letter in this way, in 1706,
[12]

and it was later popularized by Leonhard Euler in 1737.
[13][14]

 William Jones wrote:

There are various other ways of finding the Lengths or Areas of particular Curve Lines, or Planes, 

which may very much facilitate the Practice; as for instance, in the Circle, the Diameter is to the 

Circumference as 1 to  ...  3.14159, etc. = π ...
[15] 

Here are some References for History of Mathmatics: 

1. The History of Mathematics. A Brief Course, 2
nd

 Ed, Roger Cooke, Wiley, ISBN: 978-0-471-

44459-6

2. History of Mathematics. Brief Edition, 2004, Victor J. Katz, Addison Wesley, ISBN:  0-321-

161939 

3. An Episodic History of Mathematics. Mathematical Culture Through Problem Solving, Steven

G. Krantz, 2010, Mathematical Association of America (MMA), ISBN: 978-0-88385-766-3
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Estimating π with circumscribed and inscribed polygons: 

Estimating π with inscribed polygons 

Estimating π with circumscribed and inscribed polygons 

Archimedes (287–212 BC) was the first to estimate π rigorously. He realized that its magnitude can be 

bounded from below and above by inscribing circles in regular polygons and calculating the outer and 

inner polygons' respective perimeters:
[32]

 By using the equivalent of 96-sided polygons, he proved that

[32]
 The average of these values is about 3.14185, within 83 parts in a million of the 

true value, although Archimedes did not calculate this average. http://en.wikipedia.org/wiki/Pi 
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Now Begin the analysis: 

Photocredit: http://wikipedia.org/wiki/Triangle 

As stated in Unit 10A, the formula for the area of a triangle shown above is:  Area = ½ bh. 

Using trigonometry and the definition of the sine function, we know that the sine of angle y (the 

included angle between side a and b in the figure above) gives us sin γ=h/a. 

Re-arranging for the height of the triangle, get h = asiny 

And the area formula can be written as Area = ½ba sin γ. 

Considering that the unit circle has a radius r of 1 unit and the area formula of a circle is A = πr² 

(stated in Unit 10A), we conclude that the area of a unit circle is therefore A = π (1)²  =  π square units. 

We also know that a regular polygon with n ≥ 3 sides inscribed in a unit circle has n central angles of 

the same measure of 360°/n. These central angles are formed with sides of length 1 (the radius of the 

unit circle is 1 unit) and each inscribed polygon can be divided into n congruent triangles with a 

common vertex as shown in the sketch above. 

Combining the above ideas we can calculate the area for any regular polygon that is inscribed in a unit 

circle as: 

Area = n(1)(1)sin(360°/n)/2 (where b = 1, a = 1, and γ =360°/n) 

 Therefore: Area = nsin(360°/n)/2 

http://wikipedia.org/wiki/Triangle
http://upload.wikimedia.org/wikipedia/commons/6/63/Triangle.TrigArea.svg


 

  

As an example, using the pentagon figure shown above (n = 5) and a scientific calculator, we find that:  

 

Area = 5sin(360°/5)/2 = 2.37741291.  

 

Note that this approximation is an obvious underestimate (eight decimals of precision) of the area of 

the unit circle – which is π ≈ 3.14159265358973…. 

 

Procedure: Following the directions given below, each person will assign himself a polygon of 

number of sides  n = 3, 4, 5, 6,…sides (up to 100).  With a scientific calculator or spreadsheet 

software, you will calculate the area for you assigned polygon with your n sides, as well as the area of 

polygons with 10n, 1000n, 10,000n, and 100,000n, sides. This process of letting n grow larger and 

larger is an example of the method of exhaustion and will help you better understand how Archimedes 

and other ancient Greek mathematicians were able to gain insights into the amazing number π. It will 

also give you a greater appreciation for the concept of a limit, the key building block upon which all of 

calculus rests. This short activity gives you an opportunity to see this limit in action as your polygons 

begin to look more and more like a circle and as their areas converge to the limit π 

 

Fill in the table with as many decimals of precision that are available on your calculator (in degree 

mode) or spreadsheet software and then be prepared to answer a few questions in the analysis and 

discussion. Note: To avoid round-off error, do all the calculations in one series of keystrokes rather 

than breaking them down into smaller sub-steps and writing down them down. 

 

Your assigned number of sides of the polygon:  n = _________ 

 

Calculate the Area of Your Polygons Using Area = nsin(360°/n)/2 

n 10n 1000n 10,000n 100,000n 

     

 

Analysis: 

1. Now compare your five calculations with the actual limit of π (below) and write down how 

many decimals places of precision your approximation has (that is, how many places to the 

right of the decimal match until the very first mismatch). 

 

Number of Decimal Places of Precision When compared to π = 3.14159265358973…. 

n 10n 1000n 10,000n 100,000n 

     

 

2. Make the calculations above and below your assigned polygon number (that is n- 1 and n + 1), 

and write down in the blanks below  the area of a polygon with 1000(n-1) and 1000(n+1) sides. 

Comment on how your area for 1000n compares. 

 

1000(n – 1): __________________________  1000(n + 1):__________________________ 

 

3. Write down the area for the largest n-gon (when n = 50): ___________________________ .  

How many decimal places of precision does it have when compared to the actual value of π = 

3.14159265358973….? 

 



Discussion: 

1. Notice that this method essentially claims that a circle is equivalent to a regular polygon with in

infinite number of sides.  Do you agree with this equivalence?  Explain.

2. The idea of computing something by dividing it into an infinite number of small pieces is

central to the mathematics of calculus. Discuss a few other instances where a similar approach

could be used to calculate something.  Bonus: Archimedes used this method of exhaustion to

estimate pi nearly 2000 years before calculus was invented; do a bit of research and discuss

why it took so long for calculus to be formalized.

3. Why wouldn’t the method of exhaustion be practical for calculating pi to millions of decimal

places?

4. Do some quick web research to learn the current record for the number of computed decimal

places in pi.  What method was used to achieve this record?


