
Please answer any 4 of the following questions.

1. (a) Show that

χ =
1
√

2
(α1β2 − β1α2)

is a singlet. And, show that it is normalized.
(b) Show that

χ1 = α1α2

χ0 =
1
√

2
(α1β2 + β1α2)

χ−1 = β1β2

are the three components of triplet with m = −1, 0, 1, respectively. And, show
that they are normalized.
(c)Apply the global S + to the three components of triplet, χ1, χ0 and χ−1. Compare
your results with

S + |S MS 〉 =
√

S (S + 1) − M(M + 1) |S MS + 1〉

2. In the class, the antisymmetrizer for a two-particle wavefunction is introduced. It
is defined as follows. Let’s use P12 to denote the operator which permutes particle
1 and 2.

P12φ(1, 2) = φ(2, 1)

where φ(1, 2) is an arbitrary two-particle function, and 1 is abbreviation for
coordinates of particle 1 (real space position ~r1, and spin coordinate s1).
The antisymmetrizer is defined as

A12 = 1 − P12

(a) Given an arbitrary two-particle function φ(1, 2), which does not necessarily
possess permutation symmetry, the antisymmetrizer maps/projects it into a prop-
erly antisymmetric wavefunction.
Mathematically, assume

ψ(1, 2) = A12φ(1, 2)
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Please show ψ(1, 2) is antisymmetric w.r.t. permuting particle 1 and 2.
(b) An introduction to Slater determinant:
If φ(1, 2) is a product of two one-particle wavefunction, i.e.,

φ(1, 2) = φ1(1)φ2(2)

the antisymmetrized wavefunction is a Slater determinant. Mathematically, I want
you to show ∣∣∣∣∣∣A12φ1(1)φ2(2) =

φ1(1) φ2(1)
φ1(2) φ2(2)

∣∣∣∣∣∣



3. Ratner & Schatz Problem 8.6
Evaluate 〈α|s4

x + s4
y |α〉.

4. One very simple model for magnetic behavior is called the Ising model. It assumes
that electron spins exist on separated sites and that the only interactions among
them are between nearest neighbors. In that case, the Hamiltonian is

HIsing = H = J
′∑

i, j

s(i)
z s( j)

z

where J is an exchange-type integral, s(i)
z is the Z-component of the spin on site i,

and the sum runs only over nearest neighbors.
For the case of two sites on a line, there are four possible eigenstates of H. (For
instance, one is |α1β2〉) Draw the energy-level diagram of these four eigen-states
for the two cases of J < 0 (a ferromagnet) and J > 0 (an antiferromagnet). For
which of these is the total spin greater in the ground state?

5. Ratner & Schatz Problem 8.10
If the chemical shift for a proton NMR line is 1 part per million (ppm), what is the
change in magnetic field associated with this shift? Assume that the measurements
are being done in a 500-Mhz spectrometer.

6. The spin angular momentum can be represented by 2 × 2 matrices

sx =
1
2
~σx, sy =

1
2
~σy, sz =

1
2
~σz

where

σx =

[
0 1
1 0

]
, σy =

[
0 −i
i 0

]
, σz =

[
1 0
0 −1

]
These are called Pauli matrices.
(a) Using matrix multiplication, show that

[sx, sy] = i~sz, [sy, sz] = i~sx, [sz, sx] = i~sy

(b) Find the matrix representation for s2, and show that

[s2, sx] = [s2, sy] = [s2, sz] = 0
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(c) Find the eigenvalues of s2 and sz. Find the common eigenstates of s2 and sz.
Use the result to show that |α〉 and |β〉 are, respectively, represented by

1
0 and

0
1

[ ] [ ]
(d) Find the eigenvalues of sx and sy.




