
 

Problem 1 

In a market with no arbitrage, let V0 be the zero-time price of an European call option with strike price 
K. Show that V0 is a convex function with respect to K. (Note: A function f(x) is called a convex function 

if for any x1 < x2, θf(x1) + (1 − θ)f(x2) ≥ f(θx1 + (1 − θ)x2) holds for all 0 < θ < 1.) 

Problem 2 

A stock price is currently 50. Each month for the next two months it is expected to increase by 10% 

or decrease by 12%. The risk-free interest rate is 1% per month. Consider a 3-step binomial tree to 

calculate the value of an American derivative which pays , and write 

down the optimal exercising time for this derivative. (For each node of the binomial tree, keep 3 digits 
after the decimal point.) 

Problem 3 (Trinomial Tree Model) 

A company is seeking finance for a treasure adventure. It is estimated that there is a p1 = 0.3 

probability of high success, p2 = 0.4 probability of moderate success and p3 = 0.3 probability of failure. 

The company hence issues the following two securities: each cost one dollar with the following 
terminal values: 

(a) $3.00 if the adventure is a high success, $1.00 if moderate success, and $0.00 if failure. 

(b) $6.00 if high success, $0.00 otherwise. 

Also on the market there is a third security: (c) a 20% risk-free return. 

Please solve the following problems: 

(1) Based on these three securities, find the risk neutral probability. (Hint: Let ˜p1,p˜2,p˜3 be the 

corresponding risk neutral probability. Find an equation system by using the fact that the discounted 
security price is a martingale under the risk neutral probability.) 

(2) Suppose the company offer a new investment security: (d) If it is a high success, then the 
investment has a payoff of $1000, otherwise refund all the money originally received (no interest). 

Price this security at time 0. 

Problem 4 

Consider a security with payoff min , where K2 > K1 > 0 are given constants. 

Suppose a stock price is currently 4, with upper and lower factor u = 2,d = 1/2, and risk-free interest 
rate r = 1/4. Let K1 = 1,K2 = 64. Consider a 3-step binomial tree. 

(1) Consider the problem as an European derivative. Price the European derivative at time 0. 

(2) Consider the problem as an American derivative. Will you exercise the derivative earlier? What 
is the optimal stopping time? What is the price for this American derivative at time 0? 


